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Abstract — In  this  paper  we  propose  a  full  revised  version 
of  a  simple  model,  which  allows  a  formal  derivation  of  an 
infinite  set  of  Schwarzschild-Like  solutions  (non-rotating 
and  non-charged  “ black  holes"),  without  resorting  to 
General  Relativity.  A  new  meaning  is  assigned  to  the  usual 
Schwarzschild-Like  solutions  (Hilbert,  Droste,  Brillouin, 
Schwarzschild),  as  well  as  to  the  very  concepts  of  “ black 
hole  ”  and  “event  horizon  ”.  We  hypothesize  a  closed 
Universe,  homogeneous  and  isotropic,  characterized  by  a 
further  spatial  dimension.  Although  the  Universe  is 
postulated  as  belonging  to  the  so-called  oscillatory  class 
(in  detail,  we  consider  a  simple -harmonically  oscillating 
Universe),  the  metric  variation  of  distances  is  not  thought 
to  be  a  real  phenomenon  ( otherwise,  we  would  not  be  able 
to  derive  any  static  solution):  on  this  subject,  the 
cosmological  redshift  is  regarded  as  being  caused  by  a 
variation  over  time  of  the  Planck  “constant”.  Time  is 
considered  as  being  absolute.  The  influence  of 
matter/energy  on  space  is  analysed  by  the  superposition  of 
three  three-dimensional  scenarios.  A  short  section  is 
dedicated  to  the  so-called  gravitational  redshift  which, 
once  having  imposed  the  conservation  of  energy,  may  be 
ascribable  to  a  local  variability  of  the  Planck  “constant". 
Keywords — Black  Holes,  Schwarzschild,  Hilbert,  Droste, 
Brillouin,  Extra  Dimension,  Weak  Field,  Redshift. 

I.  INTRODUCTION 

We  hypothesize  a  closed  Universe,  homogeneous  and 
isotropic,  belonging  to  the  so-called  Oscillatory  Class  [1], 
The  existence  of  a  further  spatial  dimension  is  postulated. 
Although  space,  as  we  are  allowed  to  perceive  it,  is  curved, 
since  it  can  be  approximately  identified  with  a  Hyper- 
Sphere  (the  radius  of  which  depends  on  the  state  of  motion) 
[2],  the  Universe  in  its  entirety,  assimilated  to  a  Four- 
Dimensional  Ball,  is  to  be  considered  as  being  flat.  All  the 
points  are  replaced  by  straight  line  segments  [3]  [4]:  in 
other  terms,  what  we  perceive  as  being  a  point  is  actually 
a  straight-line  segment  crossing  the  centre  of  the  4-Ball. 
Consequently,  matter  is  not  to  be  regarded  as  evenly  spread 
on  the  (Hyper)Surface  of  the  4-Ball,  but  rather  as 
homogeneously  filling  the  4-Ball  in  its  entirety. 

We  have  elsewhere  [4|  deduced  the  following  identity: 

p  _  (1) 

m~  72 


G  represents  the  Gravitational  Constant,  c  the  Speed  of 
Light ,  Rm  the  mean  value  of  the  radius  of  the  4-ball,  and 
M,ot.m  the  corresponding  mass.  According  to  our  model,  R„, 
and  can  be  conventionally  considered  as  being  real 
values,  since  the  metric  variation  of  the  cosmological 
distances  is  not  thought  to  be  a  real  phenomenon  (in  other 
terms,  we  hypothesize  that  the  real  amount  of  space 
between  whatever  couple  of  points  remains  constant  with 
the  passing  of  time)  [4]  [5].  In  this  regard,  we  specify  how, 
in  order  to  legitimize  the  so-called  Cosmological  Redshift, 
the  Plank  Constant  may  vary  over  time  [6]  [7], 

Replacing,  for  convenience,  Mtol,m  with  Mto t,  and  R,„  with 
Rs  (the  Schwarzschild  Radius),  from  (1)  we  have: 

_2  GMtot  (2) 

The  Universe  we  have  hypothesized  may  be  approximately 
described,  with  obvious  meaning  of  the  notation,  by  the 
following  inequality: 

xl  +  x\  +  xl  +  xl  <  R2s  (3) 

The  Universe  we  are  allowed  to  perceive  (static 
configuration)  can  be  assimilated  to  the  Hyper-Surface 
defined  by  the  underlying  identity: 

v2  4-  v2  4.  V2  4.  v2  _  d2  (4) 

A.  2  I  A,  2  I  A.  2  I  A.  4  —  n  s 

Let  us  denote  with  C  the  centre  of  the  4-ball,  with  O  and  P 
two  points  on  the  surface,  the  first  of  which  taken  as  origin, 
and  with  O’  the  centre  of  the  so-called  Measured 
Circumference,  to  which  P  belongs.  Both  O  and  O’  are 
considered  as  belonging  to  X4.  The  Angular  Distance 
between  O  and  P,  as  perceived  by  an  ideal  observer  placed 
in  C,  is  denoted  by  X- 

The  arc  bordered  by  O  and  P,  denoted  by  Rp,  represents  the 
so-called  Proper  Radius  (the  measured  distance  between 
the  above-mentioned  points).  We  have: 

Rp<JC)  =  RSX  (5) 

The  straight-line  segment  bordered  by  O  ’  and  P,  denoted 
by  RCl  represents  the  so-called  Predicted  (or  Forecast) 
Radius  (the  ratio  between  the  perimeter  of  the  Measured 
Circumference  and  2n).  We  have: 

Rc(x)=X(x)  =  RssinX  m 

From  the  previous  we  immediately  deduce: 
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X  =  arcsin 

Consequently,  we  have: 

dRv  =  Rsdx  =  - 


© 


dX 


The  scenario  is  qualitative  depicted  in  Figure  1. 


(7) 


(8) 


At  this  point,  for  the  Hyper-Surface  defined  in  (4),  the 
Friedmcinn-Robertson-Walker  metric  [8]  can  be  written: 
dX2 

ds2  =  c2dt2 - ^  —  X2(d62  +  sin2  6  d(p2)  (9) 

>-© 

Let  us  denote  with  S2  the  2-Sphere  characterized  by  a 
radius  of  curvature  equal  to  Rc.  In  order  to  simplify  the 
notation,  from  now  onwards  we  shall  denote  with  the  same 
symbol  both  the  geometrical  object  and  the  corresponding 
surface  area  or  volume.  Consequently,  we  have: 

/*  27T  /*  7T  rAlZ 

S2(x)  =  X2  I  I  sin  ddddcp  =  X2  I  dfl  =  4nX2  /jq, 

J<p=oJg=o  Jo 

=  4nR 2  sin2  x 

The  above-mentioned  surface  is  simultaneously  border  of 
a  3-Ball,  denoted  by  Vs,  and  of  a  Hyper-Spherical  Cap, 
denoted  by  S3.  V3  represents  the  Predicted  (or  Forecast) 
Volume,  S3  the  Proper  Volume.  We  have: 

V3(x)  =  f  CS2(x)dRc  =4tt  f  X2dX  =  \nX3 

Jo  Jo  5  (11) 

4  ,  , 

=  sind/ 

rRp  rx 

S3(x)  =  S2(x)  dRp  =  4ttR3  sin2  x dx  (12) 

j  0  Jo 

=  2n R3(x  ~  sin/ cos /) 

We  can  generalize  the  foregoing  as  follows: 

S3(.R,x)  =  2nr3(x  -  sin/cos/)  R  G  [0, f?s]  <13) 
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The  Hyper-Surface  S3  defined  in  (12)  is  associated  to  a 
Hyper-Spherical  Sector,  denoted  by  V4.  We  have: 

V4(x)  =  [  S3(R,x)dR  =  2n(x  -  sin/ cos/)  [  R3dR 

Jo  Jo  (14) 

1  A 

=  -TrfljCz-sin/cos/) 

n.  GRAVITY:  HOW  MASS  “BENDS”  SPACE 

1.  Gravitational  “Singularities” 

As  previously  stated,  the  (curved)  space  we  are  allowed  to 
perceive  can  be  approximately  identified  with  a  Hyper- 
Sphere,  the  radius  of  which  depends  on  our  state  of  motion: 
at  rest,  this  radius  equates  Rs.  In  our  simple  model  the  total 
amount  of  mass  is  constant:  in  other  terms,  mass  can  only 
be  redistributed.  Let  us  consider  a  generic  point  Q, 
belonging  to  the  surface  of  the  4-Ball,  and  let  us  denote 
with  /max  the  angular  distance  between  this  point  and  the 
origin  O.  In  order  to  create  a  “gravitational  singularity”  in 
correspondence  of  the  origin,  we  have  to  ideally 
concentrate  in  O ,  from  the  point  of  view  of  an  observer  at 
rest  (who  is  exclusively  allowed  to  perceive  a  three- 
dimensional  curved  universe),  all  the  mass  enclosed  in  the 
2-Sphere  defined  by  (10)  (with  /=/Wt).  This  surface 
represents  the  border  of  the  Hyper-Spherical  Cap  defined 
in  (12)  (with  /=/mav)  which,  in  turn,  is  associated  to  the 
hyper-spherical  sector  defined  by  (14)  (with  /=/,„©• 
According  to  our  theory,  in  enacting  the  ideal  procedure 
previously  expounded,  we  actually  hypothesize  that  all  the 
mass  of  the  Hyper-Spherical  Sector  earlier  defined  may  be 
concentrated  (and  evenly  spread)  along  the  material 
segment  bordered  by  C  and  O.  The  procedure  entails  a 
linear  mass  (energy)  density  increment,  no  longer 
compatible  with  the  previous  radial  extension: 
consequently,  both  the  segment  and  the  corresponding 
space  undergo  a  radial  contraction  (the  segment  shortens 
together  with  space)  and  the  surrounding  spatial  lattice,  the 
integrity  of  which  must  be  in  any  case  preserved,  results 
deformed.  We  want  to  determine  the  new  radial  extension 
of  the  segment  (that  represents  the  singularity)  and  the 
shape  of  the  deformed  spatial  lattice. 

It  is  worth  specifying  how,  abiding  to  the  global  symmetry 
elsewhere  introduced  [2]  [4]  and  herein  taken  for  granted, 
the  procedure  previously  exploited  is  symmetric  with 
respect  to  the  centre  of  the  4-Ball:  consequently,  we  should 
have  actually  considered  two  opposite  Hyper-Spherical 
Sectors,  characterized  by  the  same  amplitude,  and  a  single 
material  segment,  crossing  the  centre  C,  bordered  by  O  and 
its  antipodal  point. 

2.  Three-Dimensional  Scenarios 

From  (3),  by  setting  equal  to  zero,  one  at  a  time,  xi,  x2  and 
x3l  we  obtain  the  following  three-dimensional  scenarios: 
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*4,1  +  *1  +  *|  <  R2s 

xl  +  x\2  +  xf  <  R2 
xl  +xl+  x\  3  < 


(15) 

(16) 
(17) 


Evidently,  if  we  take  into  consideration  one  among  the 
static  scenarios  we  have  just  obtained,  the  procedure 
previously  discussed  (the  creation  of  the  singularity)  is 
equivalent  to  concentrating  along  a  segment  the  mass  of  a 
spherical  sector. 

Let  us  denote  with  S2-1,  the  Circumference  defined  by  the 
following  relation: 

S2-i  Of)  =  2nX  (18) 


In  the  three  dimensional  scenario  we  have  been 
considering,  S2-1  “plays  the  role”  of  S2 ,  defined  in  (10). 

The  circumference  defined  in  (18)  is  simultaneously 
border  of  a  Disc,  denoted  by  V3.1,  and  of  a  Sphere,  denoted 
by  S3-1.  In  the  three-dimensional  scenario  we  have  been 
considering,  the  first  “plays  the  role”  of  the  Predicted  (or 
Forecast)  Volume  Vs,  defined  in  (11),  while  the  second 
“plays  the  role”  of  the  Proper  Volume  S3,  defined  in  (12). 
We  have: 

rRc 

V3-i(x)  =  SmCtW 

Jo  (19) 

x 

XdX  =  nX2  =  n R2  sin2  / 

) 

rRv  [X 

83-1(2)=  S2-i(x)  dRp  =  2n\  sin x  dx  (20) 

j  0  ^0 

=  2nR2(l  —  cos/) 

We  can  generalize  the  foregoing  as  follows: 

S3-i(R,x)  =  2nr2(l-cosx)  Re[0,Rs]  ''Jl 


Consequently,  S3.1  is  associated  to  a  Spherical  Sector, 
denoted  by  V4.1,  characterized  by  a  volume  provided  by  the 
following  relation: 

rRs  rRs 

Lt-iOf)  =  83-1.(81  X) dR  =  27r(l  -  cos/)  R2dR 

Jo  Jo  (22) 

2 

=  -7rflf(l  -  cos/) 

In  the  three  dimensional  scenario  we  have  been 
considering,  V4-1  “plays  the  role”  of  W,  defined  in  ( 14). 

As  previously  highlighted,  the  new  radial  extension  of  the 
segment  (that  represents  the  singularity)  is  still  unknown, 
as  well  as  the  shape  of  the  deformed  spatial  lattice.  Let  us 
carry  out  some  hypotheses. 

Let  us  denote  with  r  the  Radial  Coordinate  of  a  generic 
point  of  the  warped  surface.  Now,  let’s  suppose  that, 
notwithstanding  the  deformation  of  the  spatial  lattice 
induced  by  the  mass,  if  the  angular  distance  between 
whatever  couple  of  points  does  not  vary,  the  corresponding 


measured  distance  remains  constant.  Actually,  there  is  no 
point  in  hypothesizing  a  different  behaviour. 

From  now  onwards,  we  shall  resort  to  the  subscript  “g” 
every  time  we  refer  to  a  quantity  measured  after  the 
creation  of  the  singularity. 

We  must  impose  the  following: 


From  the  previous  we  easily  obtain  the  following  banal 
differential  equation: 


0 


(25) 


The  boundary  conditions  can  be  easily  determined  by 
resorting  to  the  well-known  shell  theorem:  in  other  terms, 
we  have  to  impose  that,  for  all  the  points  belonging  to  the 
circumference  defined  in  (18)  once  having  set  /=/„,«* 
(actually,  for  all  the  points  belonging  to  the  2-Sphere 
defined  in  (10),  once  having  set  /=/,„,«)-  there  must  be  no 
difference  between  the  initial  condition  and  the  final  one 
(matter  concentrated  in  a  single  point). 

Therefore,  we  have: 


ux 


)  =  0 


(26) 


Xmax )  —  Rs 


(27) 


From  (25),  taking  into  account  (26)  and  (27),  we  obtain: 

(2 

r(l)  =  Rs  COS  (Xmax  ~  X) 

From  the  previous,  we  can  immediately  deduce: 

(2 

rmin  —  ^(6)  Rs  COS  Xmax 

The  scenario  is  qualitative  depicted  in  Figure  2 


Figure  2  qualitatively  shows  how  space  results  in  being 
deformed  due  to  the  Gravitational  Singularity,  perceived  as 
being  placed  in  Og.  At  the  beginning,  the  origin  coincides 
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with  O.  If  we  concentrate  in  0  (actually  along  the  segment 
bordered  by  C  and  O )  the  mass  of  the  Spherical  Sector 
(actually  a  Hyper-Spherical  Sector)  with  an  amplitude 
equal  to  2%max,  space  undergoes  a  contraction.  The  new 
origin  coincides  with  Og,  and  the  surrounding  space  is 
symmetrically  warped.  The  initial  radial  coordinate  of  a 
generic  point  P  (actually  its  initial  radial  extension)  is 
represented  by  the  segment  bordered  by  C  and  P.  The 
corresponding  angular  distance  is  denoted  by  %.  The  final 
coordinate  (actually  the  final  radial  extension),  represented 
by  the  segment  bordered  by  C  and  Pg,  is  shorter  than  the 
initial  one,  and  its  value  is  provided  by  (28).  The  proper 
radius  does  not  undergo  any  modification:  the  arc  bordered 
by  O  and  P,  in  fact,  is  evidently  equal  to  the  one  bordered 
by  Og  and  Pg. 

If  we  denote  with  x  the  Reduced  “Fiat  ”  Coordinate  (the 
Reduced  Forecast  Radius),  we  have: 

Rc.g  =  x  =  rsinx  =  Rs  sin  xcos(xmax  -  x) 


Moreover,  with  obvious  meaning  of  the  notation,  we  can 
immediately  write: 


S(x)  =  Rs  ~  r(x)  =  RS[  1  -  cos (Xmax-X)] 


(31) 


=  5(0)  =  i?s(l  -  COS Xmax) 


(32) 


If  we  denote  with  M,„,  the  mass  of  the  Ball  (that  “plays  the 
role”  of  the  4-Ball  with  which  we  identify  our  Universe), 
and  with  Mzmax  the  mass  contained  in  the  spherical  sector 
with  an  amplitude  equal  to  2%,„ax  (which,  as  previously 
remarked,  “plays  the  role”  of  a  Hyper-Spherical  Sector), 
we  can  write,  taking  into  account  (32),  the  following: 


My 

x max 


COS  Xmax  ~ 


&max 

“rT 


My  2  GMy 

'  _  n  A-max  _  & max  _  n 

max  ~  s  ~  c5  “  s’z 


(33) 

(34) 


In  other  terms,  the  procedure  entails  a  reduction  of  the 
radial  coordinate  of  O  (actually,  the  material  segment 
bordered  by  C  and  O  undergoes  a  contraction)  the  size  of 
which  is  equal  to  the  Schwarzschild  radius  of  Mxmax. 

The  scenario  is  qualitatively  portrayed  in  the  following 
figure,  where  the  singularity  (as  we  can  perceive  it) 
coincides  with  the  point  Og. 


Figure  3.  Gravitational  Singularity  (Particular) 


Figure  3  shows  once  again  how  the  singularity,  perceived 
as  being  placed  in  Og,  does  not  influence  the  measured 
distance  (the  proper  radius).  The  arc  bordered  by  O  and  P, 
as  previously  underlined,  is  evidently  equal  to  the  one 
bordered  by  Og  and  Pg.  On  the  contrary,  the  “Flat” 
Coordinate  (the  Forecast  Radius)  undergoes  a  reduction. 
The  segment  bordered  by  B  and  P  represents  the  Forecast 
Radius  (X)  when  matter  is  evenly  spread;  the  segment 
bordered  by  Bg  and  Pg  represents  the  Reduced  Forecast 
Radius  (x). 


HI.  QUANTIZATION 

If  mass  homogeneously  fills  the  4-Ball  with  which  we 
identify  the  Universe  (static  configuration),  by  virtue  of  the 
symmetry  [3]  [4],  the  Energy  of  a  Material  Segment, 
provided  with  a  mass  M,  can  be  written  as  follows: 


E  =  Me2 


(35) 


The  Linear  Mass  Density  [3]  [4]  is  defined  as  follows: 

M  (36) 

M  =  —  y  ’ 

Rs 

By  virtue  of  the  foregoing,  the  (Linear)  Energy  Density  can 
be  defined  as  follows: 

(37) 


_  E  Me 2  _  , 

E  =  —  =  ——  =  Me2 
R?  Rs 


If  we  denote  with  A  Rm  the  (Radial)  Quantum  of  Space  [4], 

the  Punctual  Mass,  denoted  by  m,  is  defined  as  follows: 

-  M  (38) 

m  =  MARmin  =  —  A  Rmin 
K S 

As  for  the  corresponding  Energy,  by  virtue  of  (37)  and 
(38),  we  can  immediately  write: 

(39) 


F  =  FAR  ■  = ■ 

'-'777  1 777777 


Me2 

~r7 


Let  us  denote  with  M,„,„  the  Minimum  Linear  Mass.  The 
corresponding  Energy  can  be  obviously  written  as  follows: 

2  (40) 


As  for  the  Minimum  Linear  Mass  Density  we  have: 


(41) 


The  Minimum  (Linear)  Energy  Density  is  clearly  provided 
by  the  following: 

(42) 


F  ■  M  r2 

u min  11  mm^  ri  ? 

: - = - =  M  ■ 

n  r,  i 

jf\  o  It  r 


The  Minimum  Punctual  Mass,  denoted  by  mmm,  is  defined 
as  follows: 


M„ 


R* 


-ARr, 


(43) 


Consequently,  as  for  the  Energy  related  to  the  above- 
mentioned  mass,  we  have: 

2  (44) 


Mminc2 

R-m.min  =  R-min^R-min  ~  ^  A Rmin  ~  ttlminC 

Ks 
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By  virtue  of  (34),  we  can  write  the  expression  for  the 
Minimum  Schwarzschild  Radius : 

_  2 GMmin  (45) 

t's.min  c2 

Now,  taking  into  account  the  symmetry,  the  Maximum 
Wavelength  for  a  photon  can  be  written  as  follows: 

(46) 

Denoting  with  h,  as  usual,  the  Planck  Constant,  we  can 
determine  the  Minimum  ( Perceived )  Energy. 

F  _  hc  (47) 

E  photon, min 

A-max 

From  (44)  and  (47),  we  can  easily  obtain  the  expression  for 
the  Minimum  Punctual  Mass: 


hc 


-‘photon.min 


he 

nRs 

h 

TteRc 


(48) 

(49) 


For  a  (linear)  mass  to  induce  a  spatial  deformation  (a  radial 
contraction),  the  value  of  the  corresponding  Schwarzschild 
Radius  must  be  greater  than  or  equal  to  the  value  of  the 
(Radial)  Quantum  of  Space. 

Consequently,  we  have: 

R  >AR  *60) 

Ks'Xmax  aKrnm 

If  we  banally  impose  that  Mmln  represents  the  value  of 
linear  mass,  still  unknown,  below  which  no  deformation  of 
spatial  lattice  (no  radial  contraction)  occurs,  we  can  carry 
out  the  following  (upper-limit)  position: 

(51) 


R< 


=  A  R„ 


When  mass  homogeneously  fills  the  4-Ball,  denoting  with 
J\f  an  integer  (the  Number  of  Radial  Quanta),  we  have: 

R,  =  JVA  Rmirt  (52) 


Now,  from  (43),  (45)  and  (51)  we  have: 
_  Mmin  A  D  _  Mmin  n 

ITL-min  ^  ZAiVm  in 


2  GMi 


R « 


R* 


R„c2 


From  the  previous,  by  virtue  of  (49),  we  obtain: 
2  CMC  h 


(53) 


(54) 


R,cz 


ncRr 


From  the  previous,  taking  into  account  the  definition  of 
Reduced  Planck  Constant,  we  finally  obtain: 

M2.  =fA_U=-  (55> 


\2n)  G 


hc 

~G  ~  Mp 


(56) 


The  previous  represents  the  Minimum  Value  for  Linear 
Mass.  It  is  worth  underlining  how  this  value  formally 
coincides  with  the  one  of  the  so-called  Planck  Mass,  herein 
denoted  with  Mp. 


From  (56),  taking  into  account  (43)  and  (52),  for  the 
Minimum  Punctual  Mass  we  have: 


A  Rr, 


i  1  1 

-M  .  -  - M  ■  =  - 

11  min  11  min 


he 

~G 


(57) 


Finally,  from  (45)  and  (56),  we  obtain  the  value  of  the 
(Radial)  Quantum  of  Space: 


R< 


2GM„ 


=  2 


V 


hG 


■  =  2  EP=  A  Rr, 


(58) 


At  this  point,  we  can  also  carry  out  a  Time  Quantization. 
Taking  into  account  the  previous,  denoting  with  tp  the  so- 
called  Planck  Time,  we  define  the  Quantum  of  Time  as 
follows: 


ARmin  Armmn/2 
A  = - = - —  =  At 


min,n/2 


=  2 


hG  (59) 

- y  =  2tP 
ca 


We  can  now  start  concretely  building  our  simple  model  of 
(non-rotating  and  non-charged)  "Black Hole” . 

IV.  “BLACK  HOLES” 

1.  Short  Introduction 

Let  us  suppose  that  the  total  available  mass  may  be 
concentrated  in  O.  Abiding  by  our  model,  from  (27)  and 
(28),  by  setting  =rt/2,  we  can  write  the  following: 

r(x)  =  Rs  cosQ-x)  =Rssinx  ‘ 

(61) 


Evidently,  the  value  of  the  Radial  Coordinate  (the  Reduced 
Radial  Extension)  coincides,  for  any/,  with  the  one  of  the 
Predicted  Radius  provided  by  (6): 

Rr  =  X  =  r  W 


For  the  Reduced  Predicted  Radius,  we  have: 

Rc,g  =  Rc  sin/ 

R c,q  =  x  =  X  sin/  =  Rs  sin2  x 
The  scenario  is  qualitatively  portrayed  in  Figure  4. 


(63) 

(64) 
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As  for  S2,  Vt  and  S3,  the  Singularity  induces  the  following 
modifications: 

(65) 


S2,g(x)  =  47tx2  =  4nR2  sin4/ 


^3,g(x)  =  J  S2,g(x)dRcg  =4n  I  x2dx  =  ^nx 


I 

Jo 


(66) 


=  -7rl?|  sin6/ 


rRv  rx 

S3,g(x)=  S2,g(x)dRp  =  4rc7?3  sin  4/d/ 
Jq  J  0 


(67) 


=  sin/cos/ + 

—  2  sin3 /cos/) 


2.  Variable  Space-Quantum 

We  want  to  carry  out  a  quantization  of  the  coordinate  r.  As 
shown  in  (60),  this  coordinate  depends  on  the  angular 
distance  /:  the  more  we  approach  the  “Singularity”,  the 
more  the  value  of  r  decreases. 

However,  once  again,  r  does  not  shorten  within  space:  it 
shortens  together  with  space,  since  space  itself  undergoes 
a  progressive  (radial)  contraction  in  approaching  the 
“singularity”. 

Consequently,  we  consider  a  Variable  ( Radial )  Space- 
Quantum,  denoted  with  the  value  of  which  depends 

on  the  angular  distance  /. 

If  J\f  represents  the  same  integer  introduced  in  (52),  we 
impose  the  following: 


r  =  J\fA  r, 


min,x 


(68) 


According  to  the  previous,  taking  into  account  (52)  and 
(61 ),  we  must  have: 

rmax  =  j2  —  Rs  =  7V  ARmin 


Consequently,  by  virtue  of  (58),  we  can  write: 
Ar,r„„  -n  /->  —  URmin  —  2-Ep 


(70) 


In  other  terms,  we  have  been  hypothesizing  a  local 
variability  of  the  Planck  “Constant”.  From  the  previous, 
taking  into  account  (60),  we  easily  deduce  the  following: 

(75) 


"■x 

h 


© 


=  sirr  x  ~ 


^71/2 


The  Variable  Quantum  of  Time  is  defined  as  follows: 


At 


min.g 


Of)  =  At 


A  r. 


min.x 


min.x 


=  2 


hvG 


■  =  2t 


(76) 


p,x 


By  virtue  of  (59)  and  (73),  from  the  previous  we  obtain: 


At 


min,x 


At 


min,x 


1 


At 


min.n/2 


At, 


=  sin/  =  ; 


(77) 


l?4r„ 


3.  “Gravitational”  Mass 

In  case  of  singularity,  a  material  segment  does  not  undergo 
any  radial  reduction  (in  other  terms,  it  does  not  shorten 
within  space):  as  previously  remarked,  both  the  segment 
and  the  corresponding  space  undergo  a  radial  contraction 
(the  segment  shortens  together  with  space). 

Consequently,  if  we  denote  with  M  the  Mass  of  a  “Test  ” 
Material  Segment,  the  (Variable)  Linear  Mass  Density,  in 
case  of  gravitational  singularity,  con  be  defined  as  follows: 

M  =  -  (?8) 

r 

As  for  the  Mass  of  a  Test  Particle  (the  mass  we  perceive), 
by  virtue  of  (71)  and  (78),  we  can  write,  with  obvious 
meaning  of  the  notation,  the  following: 


mv  =  MAr, 


mm,x 


=  M- 


Ar, 


min.x 


=  M- 


Ar, 


min.n/2 

~R< 


‘"R j2 


(79) 


From  the  previous,  by  virtue  of  (38)  and  (52),  we  have: 


"H/ 2 


M 


M 


=  —LRmtr,  =  —  =  m 


(80) 


In  other  terms,  thanks  to  the  position  in  (68)  (the  meaning 
of  which  should  now  be  clearer),  the  “Gravitational  ”  Mass 
and  the  inertial  one  coincide  (as  requested  by  the 
Equivalence  Principle)  [9], 


From  (68)  and  (69)  we  immediately  obtain: 
r  P, 


JT  =  ■ 


(71) 


A  r, 


min,x 


LRmin  Armin7I/2 


From  the  foregoing,  taking  into  account  (60),  we  have: 


A  r-min.x 

&rmin,n/2 


A  r. 


mm,x 


=  TT=  Sln* 


(72) 


In  the  light  of  the  previous  relation,  we  can  now  introduce 
the  following  Non-Dimensional  Parameter,  which 
represents  nothing  but  a  simple  Scale  Factor : 

(73) 


A  r. 


rISrmin  — 


min,n/2 


A  Rr, 


Ar„ 


A  r„ 


Rs  1 

r  sin/ 


'min,x  min.x 

Now,  from  (58)  and  (72),  we  immediately  obtain: 


A  r„. 


=  sin /A Rmin  =  2  sin/ 


\ 


hG 

—  =  2 
c3 


hxG  _  „  (74) 

c3  _ 


4.  Conservation  of  Energy 

As  elsewhere  deduced,  the  Conservation  of  Energy  for  a 
Free  Material  Segment  can  be  written  as  follows  [3]  [4]: 

Gr)  Mrc2  +  (M  _  Mr^2  (81) 


E  =  Me 2  =  Mrv2  +  I 


In  our  case,  by  virtue  of  what  has  been  specified  in  the 
previous  paragraph,  bearing  in  mind  the  meaning  of  r,  we 
have  to  banally  impose: 

M  =  Mr  (82) 

As  a  consequence,  for  a  Test  Material  Segment,  the  motion 
of  which  is  induced  by  a  (Gravitational)  Potential,  from 
(81 )  and  (82)  we  immediately  obtain: 

(83) 


E  =  Me2  =  Mv2  + 


© 


Me2 
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From  the  previous  relation,  taking  into  account  (80),  we 
immediately  obtain  the  Conservation  of  Energy  for  a 
(Free-Falling)  Test  Particle: 


E  M  M 

=  —  =  — c  =  — v 
M  K  M 

Em  =  me 2  =  mv 2  + 


(85) 


5.  The  ( Gravitational )  Potential  and  the  Coordinate  R* 
From  (60)  and  (85)  we  can  easily  deduce: 


1 


& 


=  c  cos/ 


r 

K 

1 


©- 


(86) 


(87) 


1 


2  1  2  2  n  (88) 

=  -mv - me  cos  /  =  0 

2  2 


From  (2)  we  immediately  obtain: 

„  2GMfnf 


R, 


Consequently,  we  have: 
1 


GM, 


--c2  cos2/=-  R 


tOt  9 

cosz/ 


(89) 


(90) 


Let  us  introduce  a  New  Coordinate  [10],  denoted  by  R*, 
defined  as  follows: 


R*(/)  =  -Rf- 

cos2/ 

Obviously,  from  the  previous  we  have: 

i?*(0)  =  Rs 


lim  R *  =  +co 

r-^/2 


(91) 

(92) 

(93) 


6.  Speed  of  a  Free-Falling  Particle 
From  (2),  (97)  and  (99),  we  have: 


(r\2M  , 

(84) 

V  =  y[2f  = 

2  GMtot 

2  GMtot 

R * 

c2R * 

\RSJ  j\t 

N 

\ 

N 

v  =  c  cos/ 


(100) 


(101) 


The  Speed  consists  of  two  Components,  denoted  by  Vi  and 
V//.  We  can  evidently  write: 

17  =  Vv/2  +  v,,2  U02) 


From  (100)  we  can  easily  deduce: 

^=20 

R *  c2 

Consequently,  v/  and  v// assume  the  following  forms: 
vI  =  c  sin /cos  /  =  c 


(103) 


( 

Rs  _ 

c 

20  ,2 

0\2  (104) 

r 

R*J 

R* 

5 

C2  \( 

'2  / 

2  R;  20 

17„  =  C  COS2  X=C—  =  — 

The  components  of  speed  are  depicted  in  Figure  5 


(105) 


Figure  5.  Speed  of  a  Free-Falling  Particle 


cos  /  = 


sin  /  = 


Rs 


(94) 


(95) 


From  (),  taking  into  account  (),  we  obtain: 

1  2  GMtot  (96) 

-mi?2 - m  =  0 

2  R * 

Let  us  define  the  Pseudo-Newtonian  Potential,  denoted  by 
<p,  as  follows: 


GMr, 


-c2  cos2/  =  fix) 


(97) 


ft*  2 

Evidently,  with  obvious  meaning  of  the  notation,  from  the 
previous  we  have: 


R*  =  R - 


fix)  =  0(0)  =  077 


--c2 

2 


(98) 


From  (),  taking  into  account  (),  we  immediately  obtain: 


1 


-mv2  +  fm  =  0 


(99) 


Figure  5  shows  how,  when  a  test  particle  approaches  the 
singularity,  the  value  of  v/  decreases  while,  on  the  contrary, 
the  value  of  vu  increases.  It  is  commonly  said  that,  in 
approaching  the  singularity,  the  Space-Like  Geodesics 
become  Time-Like,  and  vice-versa.  In  our  case,  the  above- 
mentioned  interpretation  is  not  correct,  since  the  radial 
coordinate  is  nothing  but  the  extension  of  a  material 
segment,  that  we  perceive  as  being  a  material  point  (the 
Test  Particle).  The  straight-line  segment  bordered  by  C 
(that  evidently  coincides  with  Of)  and  If  represents  the 
radial  extension  of  the  particle,  the  one  bordered  by  Og  ’  and 
Pg  represents  the  Reduced  “Flat  Coordinate”  (the  Radius 
of  the  Reduced  Circumference). 

7.  Parameterization 

We  want  to  find  two  new  coordinates,  related  to  each  other, 
that  could  “play  the  role”  of  Rs  and  r. 

Firstly,  in  the  light  of  (23),  we  must  impose: 
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f 

(dr«\ 

Jo  y 

\dx) 

=«; 

,B  —  F 

f 

tdRK\ 

Jo  y 

V  dx) 

(106) 


+  R*KdX 


Secondly,  in  the  light  of  (60),  we  must  additionally  impose: 

*  n*  ■  (107) 

rK  =  Rk  sin/ 

From  (106)  and  (107)  we  easily  obtain  the  following: 


dRt 

—  =  2tan  /d/ 
kk 


(108) 


The  general  solution  of  the  foregoing,  denoting  with  K  an 
arbitrary  constant,  is: 

K  (109) 

K  cos2 x 

From  the  previous  we  immediately  deduce  the  underlying 
noteworthy  identity: 


sin/ 

From  (109)  we  have: 


K 

1~K 


(110) 


dRt  sin/ 

=  2K  , 
a/  cos^  / 

(111) 

From  (107)  and  (109),  we  have: 

*  sin/ 

Cur  =  Rk  sin  /  =  K - - — 

K  K  A  cos2/ 

(112) 

dr^  _  1  +  sin2  / 

dx  cos3  / 

(113) 

As  for  the  Predicted  Radius,  coherently  with  (62),  we  have: 

R*c  =  =  RKsinx  =  (114) 

In  the  light  of  (63),  the  relation  between  the  Predicted 
Radiuses  with  (additional  subscript  “g”)  and  without  (no 
additional  subscript)  the  Singularity  must  be  the  following: 

R*c.g  =  R*c  sin/  (115) 

Therefore,  as  for  the  Reduced  Predicted  Radius  we  have: 
R*c,g  =xk  =  R*c sin x  =  X*K  sin/  =  r«  sin/  =  R«  sin2/  (116> 

From  the  previous,  taking  into  account  (109),  we  obtain: 

K  _  -  -  (117) 


Xr  =  K  tan2  /  =  ■ 


c2  :-k  =  rk~k 


(118) 


COS^/ 

dxj(  cLRk 
dx  dX 

According  to  (106),  the  Proper  Radius  is  not  influenced  by 
the  singularity.  Therefore,  from  (109)  and  (111)  we  obtain: 


dRp  — 


(?) 


dR*K 

dX 


1  + 


1 


4  tan2  / 


dx 


(119) 


1  + 


dRK  —  dP„  a 
4  tan2  /  K  p’g 


In  Figure  6  a  useful  comparison  between  old  and  new 
(Parameterized)  Coordinates,  once  having  set  K=RS,  is 
qualitatively  displayed. 


CP  =  Rs 

O'P  =  X  =  Rs  sin/ 


CP  - 
erg 

O'  p 
u9rg 


r  — 
=  x  = 


CP*  = 


0*P* 
C^  = 
°gpg 


R *  : 
=  X * 


Rs  sin/ 

=  r  sin/ 

=  Rs/  cos 
=  R *  sin/ 

=  P*  sin/ 
=  r*  sin/ 


Figure  6.  Parameterization  (K=RS) 

8.  Parameterized  Quantization 

The  parameterization  also  affects  the  quantization. 
Obviously,  it  is  not  a  real  phenomenon. 

Coherently  with  the  parameterization  we  have  been 
resorting  to,  by  virtue  of  (52)  we  must  now  impose: 

Rl  =  IP  AR*min  =  7\fAr7^injr/2  (120) 

From  the  previous,  taking  into  account  (109),  we  obtain: 

A/?.  =  (121) 
min  Ji  7\f  cos2  / 

If  we  set  K=RS,  taking  into  account  (52),  the  foregoing  can 
be  written  as  follows: 

.  „  _  Rs  1  _  APmin  (122) 

min  -  TV  cos2  /  -  cos2  / 


Obviously,  by  virtue  of  (68),  we  must  also  impose: 


rK  =  N^rmin,x 


(123) 


From  the  previous,  taking  into  account  (112),  we  obtain: 


A  r* 


K  sin/ 


(124) 


mm'x  K  K  cos2/ 

If  we  set  K=RS,  taking  into  account  (68),  the  foregoing  can 
be  written  as  follows: 


Rs  sin/  1 


A  r, 


min,x 


(125) 


Evidently,  by  virtue  of  (121)  and  (124),  we  can  write: 

^'min.n/2  ~  ^ R-min 


(126) 


From  (72),  (122)  and  (124),  taking  into  account  the 
foregoing,  we  have: 


A  r. 


min.x 


An 


At*  ■  At  ■ 
min.x  min,x 

:  a p; 


A  r. 


min.n/2  ^ min  &Rmin  &rmin, n/2 


min.x  ■  (127) 

=  sin/ 


In  the  light  of  the  previous,  resorting  to  (110),  we  can  now 
introduce  the  new  following  Parameterized  Scale  Factor. 


A  p; 


AP„ 


1 


R^rmin 


min.x 


A  r. 


min.x 


sm/ 


Fl 


(128) 
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The  Parameterized  Quantum  of  Time  is  defined  as  follows: 


tomin,aOc)  =  At, 


A  r. 


min.x 


(129) 


min.x 


Taking  into  account  (77).  (127)  and  (128),  from  the 
previous  we  obtain: 


At 


min,x 


A  r. 


min,x 


At 


min,x 


At 


min,x 


At 


min.n/2 


a  r: 


a  t„ 

1 


At 


min,n/2 


=  sin* 


(130) 


9at 


K 

1~Rf 


It  is  worth  highlighting  how,  from  (73),  (87)  and  (128), 
denoting  with  y  the  so-called  Relativistic  Factor,  we  have: 

1  1 


7a  r 


-  4  a rmin  — 


sin* 


1 


© 


=  r 


(131) 


V.  METRICS 

1.  Initial  “Flat”  Metric  (no  singularity) 

We  can  immediately  write  the  following  general  metric: 

ds*2  =  c2dt *2  —  dR*2  —  R*c2(d92  +  sin2  6  dcp 2)  ( 1 32) 

Bearing  in  mind  the  definition  of  Predicted  Radius 
provided  by  (114),  we  have: 


r k 

lim  —  =  lim  —  =  lim  sin*  =  l 

X— >tt/2  Rk  x-*tz/2Rk  y->7t/2 


(133) 


Consequently,  far  from  the  origin.  Predicted  Radius  and 
Radial  Coordinate  are  interchangeable.  We  can  write: 

(134) 


Rr  —  Ru 


Now,  we  evidently  have: 


lim 

r-™/2 


1  + 


1 


4  tan2  * 


=  1 


(135) 


Far  from  the  origin,  therefore,  by  virtue  of  (119),  Proper 
Radius  and  Radial  Coordinate  are  interchangeable: 

(136) 


dRv  —  dR K 


Finally,  far  from  the  origin,  (132)  becomes: 

ds*2  =  c2dt*2  —  dR ]/  —  R]/(d92  +  sin2  9  dcp2) 


(137) 


It  is  fundamental  to  underline  how  the  approximation  in 
(134)  prevents  the  Predicted  Radius  from  assuming  a  null 
value.  In  detail,  by  virtue  of  (109),  we  have: 


Kminix)  =  «c(0)  =  R*k(  0)  =  K 


(138) 


2.  Schwarzschild-Like  Metric:  Conventional  Derivation 
As  is  well  known,  the  General  Static,  Spherically  (and 
Time)  Symmetric  Solution  can  now  be  written  as  follows: 
ds 2  =  A(R*K)c2dt2  —  B(R];)dR*/ 

—  C(R*K)(d92  +  sin2  9  dcp2)  (139) 
A(R*k),B(R*k),C(R*k)  >0 
Let  us  carry  out  the  following  position  [11]: 


JC(R*K)  =  R*k 


(140) 


Thanks  to  the  previous,  (139)  can  be  written  as  follows: 

-.2  _  a*Cd*  ^2^2  _  p*  ( D* 


ds2  =  A*  (R*k)c2  dt2  —  B*(R*K)dr2 
-Rf(d92  +  sin 2  9  dcp2) 
A*(R*k),B*(R*k)  >  0 

As  for  the  Metric  Tensor,  from  (141)  we  obtain: 


(141) 


9i]  = 


go  = 


A*(R*k) 

0 

0 

0 

1 


A*(R*k) 

0 

0 


0 

-B*(R*k) 

0 

0 

0 

1 

~B*(R*K) 

0 


0 

0 

-Rk 

0 

0 


Rk 


0 

0 

0 

-R*k2 sin2  9 


(142) 


0 


P^.2sin2  9 


(143) 


Let’s  deduce  the  Christoffel  Symbols.  Generally,  we  have: 


nl  =  b9k 


dghj  d9hj 

dx>  dxl 


-&l  <■«) 


The  indexes  run  from  0  to  3.  Clearly,  0  stands  for  t,  1  for  r, 
2  for  6,  and  3  for  cp. 

Setting  k=0,  from  (142),  (143)  and  (144),  we  obtain: 

1  dA* 


p0  _  pO  _ 

—  *in  — 


2 A*  dR 


(145) 


K 


All  the  other  symbols  (if  k=0)  vanish. 

Setting  k=l,  from  (142),  (143)  and  (144),  we  obtain: 
1  dA* 


,  1  dB* 

r  i  = _ 

11  2  B*dR* 


r°°  2 B*  dR*K 

,  r/2  =  rf3  =  -^sin2  9 
12  B  13  B* 


(146) 


All  the  other  symbols  (if  k=l )  vanish. 

Setting  k=2,  from  (142),  (143)  and  (144),  we  obtain: 


1 

r2  -  r2  -  —  r2  - 

J12  —  J21  —  D*  •  J33  — 
KK 


■  sin  9  cos  9 


(147) 


All  the  other  symbols  (if  k=2)  vanish. 

Setting  k=3,  from  (142),  (143)  and  (144),  we  obtain: 

1  1 
r3  _  r 3  _  __  r2  —  r2  — 

‘l3-hl-  R,.  h3-l23-tan9 


(148) 


All  the  other  symbols  (if  k=3)  vanish. 

Let’s  now  deduce  the  components  of  the  Ricci  Tensor. 
Generally,  with  obvious  meaning  of  the  notation,  we  have: 


«.,  =  aS-B  +  W~rirt,  <>49) 

By  means  of  some  simple  mathematical  passages,  omitted 
for  brevity,  we  obtain  all  the  non-vanishing  components: 


erf 


Ron  — 


1  d2A * 

1  dA* 

(  1  dA* 

2 B*dRf 

4 B*  dR*K  1 

lyl*  dR*K 

1  dB' 
+  B* dR) 


1  dA* 


(150) 
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1  d2A * 
Rl1  ~  2A*  dRf  ' 


1  dA*  1  dA 


4A*  dR*K  yA*  dR*K 
1  dB * 


1  dB 
+  B*dR. 


(151) 


R22  B*  +  2B* 


R33  =  sin2  6 


1 

44 

(- 

dA * 

1 

— Vil 

~B* 

+  26* 

u* 

dR*K 

~B* 

dR*KJ 

(153) 


=  sin2  6  R22 

If  we  denote  with  R  the  Ricci  Scalar  and  with  Ty  the  generic 
component  of  the  Stress-Energy  Tensor,  the  Einstein  Field 
Equations  [9]  [12]  can  be  written  as  follows: 

1  87 tG  ..... 

RiJ-2R9ij=^Tij  (154) 

If  we  impose  that,  outside  the  mass  that  produces  the  field, 
there  is  the  “absolute  nothing”  (neither  matter  nor  energy), 
the  first  member  of  (154),  that  represents  the  so-called 
Einstein  Tensor,  must  vanish.  Consequently,  we  have: 

1 


Rt 


;R0ij  =  0 


(155) 


From  (155),  exploiting  the  fact  that  the  Einstein  Tensor  and 
the  Ricci  Tensor  are  trace-reverse  of  each  other,  we  have: 

(156) 


Rij  =  0 


From  (150),  (151)  and  (156),  we  immediately  obtain: 


1 

d2A* 

1  dA* 

(  1  dA* 

2  A*B 

*  dR*2 

4 A*B*  dR*K 

yA*  dR*K 

1 

dA* 

R*kA*B 

*  dR*K 

1 

d2A* 

1  dA*  ( 

'  1  dA* 

2A*B* 

dR*K 

4A*B*  dR*K  \ 

A*  dR),  1 

1 

dB* 

R*kB* 

2  dRK 

1  dB * 
+  B *  dR*K 


1  dB* 


B*  dR 


From  (157)  and  (158),  we  have: 

dB *  _  dA * 
~B^~  ~  ~~A^ 

Rl 

B  =* 


(157) 

(158) 

(159) 

(160) 


The  value  of  the  constant  Ki  can  be  deduced  by  imposing 
that,  at  infinity,  the  Flat  Metric  in  (137)  must  be  recovered. 
In  other  terms,  we  must  impose  the  following  condition: 


lim  A*(R*K)  =  lim  B*(R*K)  =  1 


From  (160),  taking  into  account  (161 ),  we  obtain: 

1 

9oo9ii  —  ~  1 


From  (152)  and  (156)  we  have: 


A*  +  - 


Rv  A 


1  dA 
A*dR 

dA* 


...  ...  A  dR.  (  ... 


4) 


1  =  0 


A*  +R*k-7z—-1  =  - R*K(rA *)  -1  =  0 


dR 


(161) 

(162) 

(163) 

(164) 

(165) 


K2 

A=1+W 


(166) 


Now,  if  <j>  represents  the  Gravitational  Potential ,  for  an 
arbitrary  metric  we  have: 

(167) 


f  1  dA* 

1  dB*\ 

/.  ,  <P\ 

yA*  dR*K 

B*  dR*K) 

(152) 

900  -{1+^) 

The  value  of  K2  can  be  directly  deduced  by  resorting  to  the 
so-called  Weak  Field  Approximation : 


(*4) 


=  1  +  2 


(168) 


Far  from  the  source  from  (97),  (110)  and  (168)  we  have: 

_  .  ,  _  0  .  2  K  (169) 

A  =g00  =  l  +  2^=l  -  cos2  x  =  l~  — 

c  rk 

If  we  set  K=RS,  the  foregoing  can  be  written  as  follows: 


A*  =  1 


2  GMU 
c2R* 


■=  1 


R s 

'  R* 


From  (162)  and  (169),  we  have: 

1 

B*  =- 


1 


K_ 

Rl 


(170) 


(171) 


If  we  set  K=RS,  the  previous  can  be  written  as  follows: 

B*=— L-  (172) 

1-H- 

Rl 

At  this  point,  the  Schwarzschild-Like  Metric  can  be 
immediately  written  by  substituting  into  (141)  the  values 
of  A*  and  B*  deduced,  respectively,  in  (169)  and  (171). 

3.  Schwarzschild-Like  Metric:  Alternative  Derivation 
According  to  our  model,  taking  into  account  (106)  and 
(115),  from  (137)  we  can  deduce,  in  case  of  Singularity, 
the  following  solution: 

dSg 2  =  c2dt*2  —  dR)/  —  R*K2  sin2 x  ( d9 2  +  sin2  6dip2) 

The  previous  represents  an  analytic  solution,  built  without 
taking  into  account  the  modified  value  of  the  Space- 
Quantum.  The  above-mentioned  condition  is  expressed  by 
means  of  goo,  the  value  of  which  is  manifestly  unitary: 
Space  and  Time  Quanta,  in  fact,  are  related  to  each  other 
by  means  of  (129). 

Obviously,  t*  represents  the  proper  time  (the  time 
measured  by  an  observer  ideally  placed  at  infinity,  where 
the  singularity  has  no  longer  effect). 

We  can  rewrite  (173)  in  the  underlying  form: 


dsl2\  =  c2dt*2  —  dR)?a  I 

3  lfloo=l  Mlfloo=l 


(174) 


R 


c20|  (d62  +  sin2  6  dip2) 

C’B'Om=l  T 


K 


In  other  terms,  we  have  carried  out  the  following  positions: 

R*c,g\goo=1=  R*c  sin x=R*K  sin x  (175) 

t^Rt}-tr\g0Q  =  l  ~  d RV  —  dRK 

Now,  from  (130)  we  immediately  obtain: 


(176) 
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At minM )  =  At 


At. 


min,n/2 


At: 


min.x 


4  Ar 


4  A  r„ 


(177) 


K 

1~K 


In  the  light  of  the  previous,  we  can  write: 
dt. 


dtg  -  ' 


Ln/2 


dt* 


■  =  dt* 


K 

1~Ri 


(178) 


4a  rmln  4a  rmin 

From  (175),  taking  into  account  (120)  and  (127),  we  have: 
Rlg\goo=1  =  N  sin^  Arminjr/2  =  JV Arminx  (179) 

Exploiting  (134)  and  (175),  we  can  temporarily  introduce 
to  following  Non-Dimensional  (Normalized)  Coordinates'. 

-  Rl  Rl 

Rn  =  ^—=^^ -  =  N  (180) 


A  Rmin  A  rmin, n/2 


R*r 


Rr 


'a  oo=i  A  r. 


=  J\f 


(181) 


min,x 


Evidently,  the  value  of  the  Predicted  Radius,  as  long  as  it 
is  expressed  in  terms  of  Space-Quanta,  can  be  regarded  as 
being  constant.  Consequently,  from  (180)  and  (181)  we  can 
banally  write: 

R*  =  R*  I  (182) 

c  C'fllfloo=l 

Now,  if  we  replace  dt*  with  dtg*,  taking  into  account  (178), 
we  obtain  a  new  value  for  goo'- 

(183) 


K 


9 00  —  1  d*  —  *2 

Rj(  R  Ar  ■ 

a.  i  ar  min 

The  value  of  goo  reveals  how  we  measure  time  (which  is 
still  considered  as  being  absolute)  and  space  and  nothing 
else.  In  other  words,  we  have  simply  changed  the  Units  of 
Measurement  (we  have  modified  the  Scale  Factor). 

By  virtue  of  (183),  we  can  rewrite  (173)  by  changing  the 
Scale  Parameter: 


ds*2 1  2  =  I  1  -  —  )  c2dt*2 

9  doo=l/V2  V  R*kJ 


■  HP*2  I 

P’9'aoo=i/ri2  (184) 


—  R*c2n I  ,(d82  +  sin2  6  dw2) 

c’3'aoo=i/ri2  T 

From  (175),  (176)  and  (183),  we  can  write,  with  obvious 
meaning  of  the  notation,  the  following: 


R 


c,9'aoo=i/v' 


=  n*Ar  .  R , 

i  rnvn.  1 


c,g 


9  oo—l 


=  R1 


R, 


c.a 


dR-n  j  —  7?  a r  dR-n  n 

Pl^oo=l/^  ,Armm  V’9 

dRjs 


9  oo—l 


—  77  Ar  ■  dRo 

1  w  min  A 


I' 


K_ 

'  Rt 


:  =  dRt 


(185) 


(186) 


The  Singularity  is  not  a  point,  but  a  2-Sphere  characterized 
by  a  radius  equal  to  K.  However,  this  strange  phenomenon 
is  anything  but  real,  since  it  is  clearly  and  exclusively 
caused  by  the  approximation  in  (134).  According  to  the 
new  scenario,  the  value  of  the  Escape  Speed  is  now 
provided  by  (104):  it  is  easy  to  verify  how  this  value 
formally  coincides  with  the  one  that  can  be  derived  by 
resorting  to  the  Geodesic  Equation. 

As  for  the  New  Proper  Radius,  we  have: 

dR*K  _  fVO Vk-K)+K 


Rp,g  _ 


JttVJ 


!_4  J  ^R^K 


- d(R*K-K ) 


(188) 


=  2  f  J(^Rf^K)2  +  (VTf  d(jRf^K) 

We  have  just  found  an  integral  of  the  following  kind: 

J  Jy2  +  (y^)2  dy  =  §ln  (y  +  Vy2  +  K) 


(189) 


+fJy,2  +  K  +  cK 


Consequently,  from  (188)  and  (189)  we  have: 

-f 


RV,9  ~~ 


==  =  ln  + 

1_2L  (190) 


Rl 


+  V R*k(R*k  -  K)  +  CK 
As  for  the  constant  G  we  have: 

R*P(K)  =  0  CK  =  -kin VK 

Finally,  from  (190)  and  (191)  sue  have: 

( 'J Rk  ~  R  +  'J~R~k 


RPig  =  K  In 


VK 


+  y/R*K(R*K  -  K) 


(191) 


(192) 


The  previous,  by  virtue  of  (117),  can  be  written  as  follows: 
[~xf  4-  f  Xf{  -I-  R\ 


Rvg  =  K  In  | 


( V%  +  JXK  +  ,  /■„»  r„*  i  iP\  (193) 

I  fR  )  ^  vXk  -Xk  +  ^ 


4.  Generalization 

Taking  into  account  (117),  we  have: 


K  Rk-K 

K  =  lim  =  1 


lim  .  . 

X-^n/2  Rk  x-^n/2 


(194) 


Rl 


By  virtue  of  the  previous,  we  can  write: 

xf  +  K* 

=  lim 


lim  nW  x.xw 

X-^n/2  RKa  /2 


Rk 


=  lim 

X~*nD 


(R*k  -  K)a  +  Ka 

W 

aER+ 


(195) 


=  1 


We  can  finally  write  the  so-called  Droste  Solution  [13]: 

,=u  K 


ds. 


'g 


9 00-^2 


Rl 


c  dt* 


dRf 


1-JL 

R*k 


(187) 


—  R*K2(dO 2  +  sin2  6 dtp 2)  =  dSg2 
R*k>K 


Therefore,  far  from  the  source,  we  obtain: 

R*Ka  ==  (R*k  -  K)a  +  Ka  (196) 

Rk  =  y(R*K-KY+Ka  =  yX*Ka  +  Ka  =  R*Ka  (197) 

Evidently,  moreover,  we  have: 

X  =  0  =*  R*K,a  =  K  (198) 
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dR» 


dx 


(4fl+o a  *: 


1 — cl  rl  y* 

>  0 

dx 


(199) 


n 

0<*<2 


From  (195),  (198)  and  (199)  we  deduce  how  the  New 
Parametric  Coordinate  defined  in  (197)  and  the  one 
defined  in  (109)  are  fully  interchangeable  (since  they 
behave  exactly  the  same  way).  In  other  terms,  we  have: 

~  o*  (200) 

Kk  n  =  Kk 


Taking  into  account  the  foregoing,  by  setting  a=l  in  (197), 
from  (187)  we  obtain: 


dsg2 


-JLJ) 

XK  +  Kj 


c2dt * 


dx 


*2 

K 


1  - 


K 

x*K  +  K 


—  (x^  +  K)2(dd2  +  sin2  8d(p 2) 
x*K  >  0 


(201) 


dSg2  — 


c2dt * 


1  + 


K 


(202) 

—  ( x*K  +  K)2(dd2  +  sin2  ddcp2) 
x*K  >  0 


The  previous  represents  the  original  form  of  the  so-called 
Brillouin  Solution  [14], 

From  (187),  by  setting  a=3  in  (197),  we  have: 


+  K3 


(203) 


By  substituting  the  previous  into  (187),  we  can  finally 
obtain  the  real  Schwarzschild Form  [15], 


VI.  GRAVITATIONAL  REDSHIFT 

If  we  impose  the  Conservation  of  Energy,  we  can  write, 
with  obvious  meaning  of  the  notation,  the  following: 

c  -  ;  _  U  -  c  (204) 

t-photon.x  —  ^XVX  ~  'G/2v7t/2  —  t-photon, n/2 


From  the  previous,  by  virtue  of  (75),  we  obtain: 


"n/2 


r%/2 


sin2  x 


(205) 


If  we  impose  the  Speed  of  Light  Constancy,  we  have: 
=  2„vv 


(206) 


The  two  foregoing  relations  allows  to  immediately  define 
a  New  Scale  Parameter: 

2-7T/2  _  4/2  =  1  _  (207) 

Xx  hx  sin2  x 

According  to  the  definition  of  Gravitational  Redshift  [9], 
usually  denoted  by  z,  from  the  previous  we  have: 

_  4/2  ~  4  _  4/2  _  (208) 

4  4 

From  (131)  and  (207)  we  have: 


77a  r  •  • 

lim  i2EnHL=  iim  =  iim  sin/ 

X-^n/2  T)a  X-^n/2  r/A  X^n/2 


(209) 


=  lim 

v — *0 


©- 


Consequently,  far  from  the  source,  we  can  write: 

1 

z  =  nAr  .  -  1  =  — - 1 

mm  sin/ 


(210) 


From  the  foregoing,  taking  into  account  (110),  we  have: 

T-oo  ~  4*  1 

-  1  (211) 


Id. 


1 


K_ 

Rt 


If  we  set  K=RS,  according  to  (2)  and  (109),  the  previous 
can  be  written  in  the  following  well-known  form: 

1 

z  =  =  -  1  (212) 

2  GMtot 

1  c2R* 


VII.  BRIEF  CONCLUSIONS 

The  coordinate  deduced  in  (109),  which  appears  both  in  the 
metrics  and  at  the  denominator  of  the  pseudo-Newtonian 
relation  we  have  obtained  for  the  gravitational  potential, 
does  not  represent  a  real  distance  nor  a  real  radius  of 
curvature.  In  fact,  it  is  clear  how  the  expression  of  the 
above-mentioned  coordinate  arises  from  a  banal 
parameterization,  by  means  of  which  we  are  able  to  write 
the  initial  “Flat”  Metric  in  (137).  From  the  latter,  it  is 
possible  to  derive  an  infinite  set  of  Schwarzschild-like 
Metrics,  suitable  for  non-rotating  and  non-charged  “Black 
Holes”,  without  resorting  to  Relativity.  According  to  the 
simple  model  herein  proposed,  the  minimum  value  for  the 
coordinate  in  (109)  equates  the  Schwarzschild  Radius. 
When  this  coordinate  equates  the  Schwarzschild  radius, 
both  the  Proper  Radius  and  the  Forecast  Radius  are  equal 
to  zero:  in  other  terms,  we  are  exactly  placed  in 
correspondence  of  the  “Singularity”. 

ACKNOWLEDGEMENTS 

I  would  like  to  dedicate  this  paper  to  my  very  little  friend 
Carmine  Vasco  Costa,  sincerely  hoping  he  may  preserve 
his  great  interest,  already  astonishingly  deep  despite  his 
age,  towards  mathematics  and  physics. 

REFERENCES 

[1]  Harrison,  E.R.  (1967).  Classification  of  Uniform 
Cosmological  Models.  Monthly  Notices  of  the  Royal 
Astronomical  Society,  137,  69-79. 
https://doi.Org/10.1093/mnras/137.l.69 

[2]  Cataldo,  C.  (2016).  Faster  than  Light:  again  on  the 
Lorentz  Transformations.  Applied  Physics  Research, 
8(6),  17-24.  http://dx.doi.org/10.5539/apr.v8n6pl7 

[3]  Cataldo,  C.  (2016).  From  the  Oscillating  Universe  to 
Relativistic  Energy:  a  Review.  lournal  of  High  Energy 


www.ijaers.com 


Page  |  130 


International  Journal  of  Advanced  Engineering  Research  and  Science  (IJAERS) 

https://dx.doi.Org/10.22161/iiaers.6.4.14 


[Vol-6,  Issue-4,  Apr-  2019] 
ISSN:  2349-6495(9)  /  2456-1908(0) 


Physics,  Gravitation  and  Cosmology,  3,  68-77. 
http://dx.doi.org/10.4236/ihepgc.2017.3101Q 


[15]  Schwarzschild,  K.  (1919).  Uber  das  Gravitationsfeld 
eines  Massenpunktes  nach  der  Einsteinschen  Theorie. 
Sitzungsber.  der  Deutschen  Akad.  der  Wiss.  zu  Berlin, 
189-196  (On  the  Gravitational  Field  of  a  Mass  Point 
according  to  Einstein’s  Theory,  translat.  by  Antoci  and 
Loinger,  1999).  Retrieved  from:  http://zelmanov.ptep- 
online.com/papers/zi-2008-Q3.pdf 


[4]  Cataldo,  C.  (2019).  Towards  a  New  Concept  of  Closed 
System:  from  the  Oscillating  Universe  to  the  EM- 
Drive.  International  Journal  of  Advanced  Engineering 
Research  and  Science,  6(2),  43-52. 


https://dx.doi.Org/10.22161/iiaers.6.2.7 


[5]  LaViolette,  P.  (1986)  Is  the  universe  really  expanding? 

The  Astrophysical.  J.,  301:  544-553.  Retrieved  from: 
http://articles.adsabs.harvard.edU//full/1986ApJ... 301. 

.544L/0000544.000.html 

[6]  Seshavatharam,  U.  V.  S.,  Lakshminarayana,  S.  (2013) 

Is  Planck’s  Constant  -  A  Cosmological  Variable?  Int. 

Journal  of  Astronomy,  2(1):  11-15.  Retrieved  from: 
http://article.sapub.Org/10.5923.i.astronomy.2013020 

1.02.html 

[7]  Seshavatharam,  U.  V.  S.,  Lakshminarayana,  S.,  Sai 
B.V.S.T.  (2013)  Inadequacy  of  Modern  Cosmology 
and  Basics  of  Atomic  Cosmology.  viXra.org  open  e- 
Print  archive.  Retrieved  From: 
http://www.rxiv.org/pdf/1303.0214vl.pdf 

[8]  Friedmann  A.  (1922).  Uber  die  Kriimmung  des 
Raumes.  Zeitschrift  fur  Physik,  10,  377-386.  English 
Translation  (1999)  On  the  Curvature  of  Space. 

General  Relativity  and  Gravitation,  31(12),  1991  - 
2000.  https://doi.Org/10.1023/A:1026751225741 

[9]  Cheng,  Ta-Pei  (2005).  Relativity,  Gravitation  and 
Cosmology:  A  Basic  Introduction.  Oxford  University 
Press  Inc.,  New  York.  ISBN  0  19  852956  2 

[10]  Cataldo,  C.  (2017).  On  the  Schwarzschild  Solution:  a 
Review.  International  Journal  of  Advanced 
Engineering  Research  and  Science,  4(9),  48-52. 
https://dx.doi.Org/10.22161/iiaers.4.9.10 

[11]  Antoci,  S.  (2003).  David  Hilbert  and  the  origin  of  the 
"Schwarzschild  solution".  Retrieved  from: 
https://arxiv.org/abs/physics/03 10104 

[12]  Einstein,  A.  (1916).  Relativity:  The  Special  and 
General  Theory  (translated  by  R.  W.  Lawson,  1920). 

Henry  Holt  and  Company,  New  York.  Retrieved  from 
https://archive.org/details/cu3 192401 1804774 

[13] Droste,  J.  (1917).  The  field  of  a  single  centre  in 
Einstein's  theory  of  gravitation  and  the  motion  of  a 
particle  in  that  field.  Royal  Netherlands  Academy  of 
Arts  and  Sciences  (KNAW),  Proceedings,  19  I,  197  - 
215.  Retrieved  from: 

http://www.dwc.knaw.nl/DL/publications/PU000123 

46.pdf 

[14]  Brillouin,  M.  (1923).  Les  points  singuliers  de  l'univers 
d'Einstein.  Journal  de  Physique  et  le  Radium,  4(1),  43- 
48  (The  singular  points  of  Einstein’s  Universe, 
translated  by  Salvatore  Antoci,  2000).  Retrieved  from: 
https://arxiv.org/pdf/physics/0002009.pdf 

www.ijaers.com  Page  |  131 


